Fluxes and Branes in Type II Vacua and M-theory Geometry with G(2) and
  Spin(7) Holonomy by Curio, Gottfried et al.
ar
X
iv
:h
ep
-th
/0
11
11
65
v4
  1
1 
Fe
b 
20
02
HU-EP-01/33
SPIN-01/24
NSF-ITP-01-82
hep-th/0111165
Fluxes and Branes in Type II Vacua
and M-theory Geometry with
G2 and Spin(7) Holonomy
Gottfried Curio,1,† Boris Ko¨rs,2,∗ and Dieter Lu¨st3,†
†Humboldt-Universita¨t zu Berlin, Institut fu¨r Physik,
D-10115 Berlin, Germany
∗Spinoza Institute, Utrecht University,
Utrecht, The Netherlands
ABSTRACT
We discuss fluxes of RR and NSNS background fields in type II string com-
pactifications on non-compact Calabi-Yau threefolds together with their dual
brane description which involves bound states of branes. Simultaneously turn-
ing on RR and NSNS 2-form fluxes in an 1/2 supersymmetric way can be
geometrically described in M-theory by a SL(2,Z) family of metrics of G2
holonomy. On the other hand, if the flux configuration only preserves 1/4
of supersymmetries, we postulate the existence of a new eight-dimensional
manifold with spin(7) holonomy, which does not seem to fit into the classes
of known examples. The latter situation is dual to a 1/4 supersymmetric web
of branes on the deformed conifold. In addition to the 2-form fluxes, we also
present some considerations on type IIA NSNS 4-form and 6-form fluxes.
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1 Introduction
String compactifications with background fluxes constitute an interesting class of string
vacua. In type II or M-theory compactifications on Calabi-Yau spaces background fluxes
are provided by vacuum expectation values of internal NSNS and RR H-fields [1–17].
These stringy fluxes cause several very interesting effects in the effective field theory,
as they provide an effective superpotential, which may completely or partially break
the N = 2 supersymmetry. E.g. going to the rigid limit, where gravity decouples, a
superpotential with specially chosen fluxes, can realize partial supersymmetry breaking
toN = 1 [6]. In the corresponding four-dimensional N = 1 supersymmetric gauge theory
this superpotential captures many interesting effects, notably gaugino condensation, and
provides a correct description of the non-perturbative vacuum structure of these N = 1
gauge theories [18, 19, 20]. However for this to work, two type of stringy fluxes are
required, namely fluxes of RR as well as of NSNS n-form H-fields. There is no problem in
type IIB compactifications on a Calabi-Yau spaceW6, as the necessary fluxes are provided
by internal vev’s of H
(3)
R and H
(3)
NS. However in the type IIA mirror picture there are, at
the first sight, only the RR fluxes H
(n)
R (n = 0, 2, 4, 6) present, and the question arises
what the IIA mirror image of H
(3)
NS actually is. One of the aims of this paper is to get a
better understanding of the NS-fluxes in type IIA and their geometric interpretation in
M-theory compactifications. To this end it will also be crucial to reinterpret the fluxes
in terms of dual brane configurations.
To be specific, consider the flux induced four-dimensional superpotential in type IIB on
a Calabi-Yau space W6 [6, 7]:
WIIB =
∫
(τH
(3)
NS +H
(3)
R ) ∧ Ω , (1.1)
where Ω is the holomorphic 3-form on the Calabi-Yau space and τ = a + i/gs is the
complex string coupling constant. The fluxes are defined as the values of H
(3)
R and τH
(3)
NS,
integrated over a base of 3-cycles C(3). Note that due to the contribution of τH(3)NS these
fluxes are complex, and they contain 4hW62,1 +4 flux parameters. The superpotential (1.1)
transforms covariantly under the type IIB SL(2,Z) S-duality symmetry with respect to
τ , which exchanges H
(3)
R ↔ H(3)NS.
The question is how these situations manifest itself in the type IIA compactification on
the mirror Calabi-Yau space X6 with Hodge numbers h
X6
1,1 = h
W6
2,1 ? In type IIA the RR
flux induced superpotential in four dimensions is [6, 13]
WIIA =
3∑
n=0
∫
X6
H
(2n)
R ∧ J3−n . (1.2)
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Hence the IIA superpotential is determined by the quantized values of the RR H-fluxes
on the 6,4,2 and 0-cycles of X6, namely
M0 =
∫
H
(6)
R , MA =
∫
H
(4)
R , NA =
∫
H
(2)
R , N0 =
∫
H
(0)
R (1.3)
(A = 1, . . . , hX61,1). Altogether the type IIA fluxes MI and NI provide 2h
X6
1,1+2 real integer
parameters, and hence there is an apparent mismatch of parameters compared to the
type IIB superpotential (1.1). At the same time in the type IIA superpotential there is
no dependence of the string coupling constant gs, as well as no trace of the former IIB
S-duality symmetry. The reason for this discrepancy is of course that in type IIA there
are no even-dimensional NSNS fields strength H
(2n)
NS in the perturbative string spectrum
which could contribute to the superpotential in an obvious way.
Besides mirror symmetry, valid already in four space-time dimensions, type IIA and type
IIB on the same background space X become T-dual to each other [21, 22, 23] if one
compactifies both theories on a circle S13 to one dimension lower (we call this circle S
1
3 since
in the cases of interest X6 is a six-dimensional CY-space, and therefore this circle denotes
the compact third spatial direction), i.e. starting say from type IIA on X6×S13, with S13-
radius R3, is equivalently described by type IIB on X6× S˜13, where the radius of the dual
circle S˜13 is given by 1/R3. Extending this scenario to M-theory on X6×S111×S13, the type
IIB S-duality can geometrically be described by the exchange R3 ↔ R11 [24, 25, 26, 27],
since the string coupling constant can be expressed as gs = R11/R3. In addition, the
complexified coupling constant τ arises as the complex structure modulus of the extra
torus. Due to this geometric M-theory realization of S-duality in one dimension lower,
we should expect to find the trace of the needed NSNS H-fluxes in three dimensions,
where we compactify type IIA on a seven-dimensional space, respectively M-theory on
an eight-dimensional space called X8. But in the presence of fluxes (or branes), X8 will
not be any longer a direct product space X6× S111× S13. In the following we will examine
the situation in which X8 has G2 or respectively spin(7) holonomy.
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In the main part of the paper we will discuss the possibility of having non-vanishing type
IIA RR 2-form flux H
(2)
R together with non-vanishing NSNS 2-form flux H
(2)
NS through
the same S2 inside the Calabi-Yau space X6. In M-theory these fluxes will be purely
geometrical. Consider first N units of the flux of the RR two-form field strength H
(2)
R ,
integrated over a two-sphere in X6: N =
∫
P1
H
(2)
R , but with zero NSNS 2-form flux.
Since the corresponding RR one-form gauge field A
(1)
R , H
(2)
R = dA
(1)
R , originates from the
eleven-dimensional metric of M-theory, the 2-form flux is given by a certain topologically
non-trivial metric configuration in M-theory with topological charge N . Namely the
4For some papers on G2 and spin(7) manifolds see [28–57].
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M-theory lift of the RR 2-form flux can be described by extending the IIA 2-sphere
P1 to a 3-sphere S3, which is modded out by the discrete group ZN . As a result, the
seven-dimensional space X7 is actually not any more given by the direct product X6×S111,
where X6 is a Calabi-Yau manifold, but is a circle fibration over a six-dimensional base; in
addition X7 has extended holonomy, namely, since the theory has N = 1 supersymmetry
in four dimensions (i.e. four conserved supercharges), X7 must have G2 holonomy.
If one restricts to the local geometry, the resolved conifold, there is a dual description of
the N = 1 large N gauge theory in terms of N D6-branes which are wrapped around the
3-cycle in the deformed conifold geometry T ∗S3. They are BPS solutions of a suitably
gauged supergravity with a twisted, non-commutative world volume theory [58]. So the
transition from 2-form flux to wrapped D6-branes corresponds to the conifold transition
in the Calabi-Yau geometry. In M-theory, this will be manufactured by a flop transition
in the G2 manifold, which exchanges two different 3-spheres in X7.
More generally, we next consider the general situation where N units of RR 2-form flux
and N ′ units of NSNS 2-form flux through the same 2-sphere are turned on at the same
time. This means that we go from 11 to 3 dimensions on an 8-dimensional space X8,
which is however not any more of the direct product form X6 × S111 × S13, but X8 will
be a torus fibration over a six-dimensional base. Normally these fluxes also preserve 1/2
supersymmetries, and any R-NS flux combination can be brought back by a SL(2,Z)
transformation to a situation, where we have only RR or only NS 2-form flux. However,
as we will argue, a particular conspiracy of both types of 2-form fluxes can reduce the
number of conserved supersymmetries again by a factor of two, i.e. we will deal with
an eight-dimensional geometry with two preserved supercharges which is the minimal
amount of supersymmetry in three dimensions, normally called N = 1 supersymmetry.
In this case X8 should be a manifold of spin(7) holonomy. In fact, the existence of these
configurations is supported due to the dual brane picture in terms of 1/4 BPS brane
webs.
More concretely, this configuration will be given in terms N D6-branes bound together
with N ′ Kaluza-Klein monopoles, wrapped around the 3-sphere of the deformed conifold.
In type IIB these bound states are described by (p, q) webs of 5-branes which preserve
8 supercharges before compactification. The three-dimensional field theory with N = 1
supersymmetry will live on the three-dimensional non-compact world volume of the D6-
KK system.
In the final part of the paper we want to add some remarks on how to get NSNS 4-form
flux together with RR 2-form flux, which is necessary to describe gaugino condensation
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in the corresponding large N gauge theory. As noted already in [18] and as it can be
seen from reducing down from the G2 manifold, turning on RR 2-form flux on X6 implies
that X6 is actually not anymore a Calabi-Yau space, but the holomorphic three-form Ω
of X6 is not any more closed. The non-closure of Ω has then the effect of a non-vanishing
imaginary part of the NS 4-form flux [18]. Again, this becomes more transparent going
to M-theory extending X6 to the G2 manifold. We will extend this discussion by arguing
that a certain 4-form can provide the real part of the complex 4-form flux, such that the
complex flux parameter is given by the complex, holomorphic volume of the M-theory
three-cycle.
The paper is organized as follows. In the next chapter we will discuss some basic proper-
ties of the spectrum of M-theory on T2 and the possible fluxes if one further compactifies
to three dimensions. In section three and four we will discuss the RR and NSNS 2-form
fluxes together with the dual brane configurations and describe their relation to eight-
dimensional background spaces, which are conjectured to possess a metric of spin(7)
holonomy. In section five we will turn to the construction of the 4-form fluxes. We will
also discuss the RR and NSNS 6-form fluxes. The summary gives an overview over the
considered cases.
2 M-theory compactification to three dimensions
In this section we will discuss some generic properties of M-theory compactified to three
dimensions to set up some notation. Let us first compactify M-theory on a two-torus T2,
which can be viewed as T2 = S111 × S13, or equivalently type IIA on S13 to D = 9. The
decomposition of the metric yields
GMN → Gµν , A3µ, A11µ , φ, φ′, a . (2.1)
The complex structure τ of T2 is built by the two scalar fields φ and a,
τ = a+ iφ, φ ∼ R3
R11
. (2.2)
In type IIB τ is just the complexified coupling constant τ = a + i/gs. The strong-weak
coupling SL(2,Z) transformations act on τ in the usual way:
τ → aτ + b
cτ + d
, ad− bc = 1 . (2.3)
Note that A3µ, A
11
µ form a doublet under SL(2,Z), which is essentially given by the
exchange of S111 with S
1
3. The decomposition of the 3-form yields
CMNP → Cµνρ, B3µν , B11µν , Cµ . (2.4)
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In terms of NSNS and RR sectors one has
NSNS : Gµν , B
3
µν , A
3
µ, Cµ, φ, φ
′ ,
RR : Cµνρ, B
11
µν , A
11
µ , a . (2.5)
Note that Cµνρ, Cµ are both singlets under SL(2,Z). Altogether among the odd forms
we have three 1-forms A
(1)
3 , A
(1)
11 , C
(1) and one 3-form C(3).
Compactification on a six-dimensional space X6 allows 4× h1,1 fluxes from F (2)3 = dA(1)3 ,
F
(2)
11 = dA
(1)
11 , G
(2) = dC(1) and G(4) = dC(3). F
(2)
3 and F
(2)
11 form a doublet and and
transform under SL(2,Z) as(
F
(2)
11
F
(2)
3
)
→
(
a b
c d
)(
F
(2)
11
F
(2)
3
)
. (2.6)
Therefore they are naturally complexified as
H(2) = H
(2)
R + τH
(2)
NS ≡ F (2)11 + τF (2)3 . (2.7)
This leads to a superpotential in three dimensions of the form
W =
∫
H(2) ∧ J ∧ J = (NA + τN ′A)FA , FA =
∫
(J ∧ J) . (2.8)
According to the introduction we denote the corresponding 2×h1,1 RR and NSNS 2-form
fluxes as (A = 1, . . . , h1,1)
N ′A =
∫
C
(2)
A
H
(2)
NS =
∫
C
(2)
A
F
(2)
3 , NA =
∫
C
(2)
A
H
(2)
R =
∫
C
(2)
A
F
(2)
11 , (2.9)
where C(2)A are the homology 2-cycles on X6. The 2-form fluxes will be further discussed
in section 3.
For Cµνρ, Cµ, being SL(2,Z) singlets, we define a 4-form field strength H
(4), which does
not include the coupling constant τ , as
H(4) = H
(4)
R +H
(4)
NS ≡ G(4) + G˜(2), (2.10)
where G˜(2) is the dual of G(2) in X6. Hence we could also like to consider a superpotential
of the form
W =
∫
H(4) ∧ J = (MA +M ′A)XA , XA =
∫
J , (2.11)
and call the 2× h1,1 RR and NSNS 4-form fluxes as
M ′A =
∫
C
(4)
A
H
(4)
NS =
∫
C
(4)
A
G˜2, MA =
∫
C
(4)
A
H
(4)
R =
∫
C
(4)
A
G4 . (2.12)
The C(4)A are the 4-cycles dual to the C(2)A . Further discussion of the 4-form fluxes and a
possible geometrical origin of the SL(2,Z) invariance can be found in section 4.
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3 NSNS and RR 2-form fluxes
In this chapter we present the geometrical M-theory interpretation of fluxes in type IIA
compactifications on Calabi-Yau spaces and their dual brane settings. The more precise
nature of the resultant M-theory background will be further elucidated in chapter 4.
3.1 Geometric description of 2-form fluxes
In this section we describe geometric M-theory lift of the 2-form fluxes in a model in-
depedent way. Later we will embed this construction in some particular non-compact
string theory respectively M-theory background spaces. Consider the 2-form flux through
some compact 2-sphere S2. This S2 is part of the six-dimensional space in the directions
(456789), say the S2 is the directions x4 and x5. In addition we have the torus T
2 in the
directions 3 and 11. Having non-trivial fluxes means that the corresponding magnetic
field strengths on S2 are topologically non-trivial, namely for one unit of flux, A3µ or A
11
µ
essentially describes the field of a Dirac monopole; for arbitrary fluxes N or N ′ one deals
with magnetic monopoles characterized by integer Chern numbers N or N ′. Since in
M-theory the 1-form gauge field entirely originates from the metric, it means that a non-
vanishing flux corresponds a non-trivial metric configuration, namely to a fibration of
the M-theory torus T2 over the base S2. We will call this four-dimensional space Σ4. It is
finally part of the total eight-dimensional internal space, be it compact or non-compact,
that locally factorizes
X8 = X4 × Σ4 = X4 × P1 × S13 × S111. (3.1)
Its global structure will now be characterized in various cases. First we concentrate on
the P1 × S13 × S111 part of X8.
Case (i): N ′ = 0 or N = 0 ↔ 1/2 supersymmetry
First discuss the simpler situation where either N units of RR 2-form flux or N ′ units
of NSNS 2-form flux are turned on, but not both at the same time. The respective RR
fluxes break half of the supersymmetries, as can be seen in the corresponding dual brane
picture. In this case S111 is non-trivially fibred over S
2. For N = 1 this is just the Hopf
fibration of S3 : S111 → S2.5 Due to the exchange of the two circles by the type IIB
S-duality, one just has to change the fibre of the Hopf bundle when switching from RR
to NSNS flux, S3 : S13 → S2, for a single unit of NSNS 2-form flux. In the more general
5Hopf fibrations, branes and fluxes were also discussed recently in [59].
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case of N units of RR 2-form flux (or N ′ units of NSNS 2-form flux) the corresponding S1
fibration is the quotient of the Hopf fibration by ZN , and we now call this 3-dimensional
space Σ3 (Σ
′
3). With some slight abuse of standard notation let us denote this fibration
by
S1(N) −→ Σ3 −→ P1 . (3.2)
The four-dimensional space Σ4 is then given by
Σ4 = Σ3 × S13 or Σ′3 × S111 (3.3)
and the total space is
X7 × S13 or X ′7 × S111. (3.4)
Here, X7 and X
′
7 have as holonomy the group G2 [32].
Case (ii): N,N ′ 6= 0 ↔ 1/2 supersymmetry
Now assume that we have non-zero RR and NSNS 2-form flux through the same S2, i.e.
N and N ′ are both non-zero. Normally, these fluxes also preserve 1/2 of supersymmetries.
This can be seen from the fact that any flux configuration with quantum numbers (N N ′)T
(N , N ′ relatively prime) can be transformed by a SL(2,Z) transformation to the flux
vector (1 0)T : (
N
N ′
)
=
(
N b
N ′ d
)(
1
0
)
. (3.5)
Analogously, a general flux vector (N N ′)T with n = gcd(N,N ′) is related to (n 0)T via
an SL(2,Z) transformation.
In the first place, the whole torus T2 = S13 × S111 appears non-trivially fibred over S2,
leading to the four-dimensional space Σ4. But, according to the above transformation of
the fluxes, there is a linear combination of the two circles that is trivially fibered, while
its dual circle is fibered non-trivially and with regard to n = gcd(N,N ′) units of flux. In
other words one starts with P1 as base space and a two-dimensional S13 × S111 fibre. In
the simplest case N = N ′ = 1, this Σ4 is a ‘Hopf fibre product’, namely a T
2 = S13 × S111
fibration, over P1, which we denote by
S111 −→ P1 ←− S13 . (3.6)
However, the torus fibration is such that by acting on the complex structure τ of the
torus by the following SL(2,Z) transformation,
τ → τ
τ + 1
, (3.7)
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in the new homology basis one S1 is trivially fibred over S2, whereas the other S1 is the
fibre of a Hopf bundle whose total space is an S3. This is the precise geometric analogue
of the fact that the flux vector (1 1)T is mapped to the flux vector (1 0)T . Therefore the
space Σ4 is topologically again given by S
3 × S1.
More generally, this space is divided by a discrete product group ZN × ZN ′ , where
ZN ⊂ S111 and ZN ′ ⊂ S13. This means that Σ4 is a T2 fibration, namely a fibre prod-
uct, characterized by two winding numbers N and N ′. We denote the fibre product Σ4
similar as before as
Σ4 : S
1(N) −→ P1 ←− S1(N ′) . (3.8)
But as before, acting on τ with the same SL(2,Z) transformation as in eq.(3.5) one circle
is trivially fibred, and Σ4 is given as
Σ4 = Σ3 × S1 . (3.9)
Thus we see, that both types of 1/2 BPS configurations are related to a geometry where
the total eight-dimensional space is still of a product structure of the kind (3.4) and
thus preserves more than the minimal supersymmetry in d = 3.
Starting from the metric of S3, the metric of Σ4 can be constructed in a straightforward
way. Specifically parametrize S3 in terms of the three Euler angles θ, φ and ψ. The
coordinates θ and φ are the coordinates of the S2 and ψ corresponds to the Hopf fibre
S1. Then the standard metric of S3 × S1, which corresponds to the flux vector (1 0)T ,
has the form
ds2 = (σ1)
2 + (σ2)
2 + (σ3)
2 + (dψ′)2 , (3.10)
where ψ′ is the coordinate of the additional circle, and the σa are the left-invariant 1-forms
on SU(2):
σ1 = cosψ dθ + sinψ sin θ dφ, σ2 = − sinψ dθ + cosψ sin θ dφ, σ3 = dψ + cos θdφ .
(3.11)
Now consider the SL(2,Z) transformation in eq.(3.5) which transforms to the flux vector
(N N ′)T . Acting with this transformation on the complex structure τ of the torus is
equivalent to perform a holomorphic reparametrization on the torus coordinates, which
is just a linear transformation on the real coordinates ψ and ψ′ of the form(
ψ
ψ′
)
→
(
N b
N ′ d
)(
ψ
ψ′
)
. (3.12)
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Then Σ4 is described by an SL(2,Z) family of metrics labeled by the two integers N,N
′
is the following way: by
Σ4 : ds
2 = (σ′1)
2 + (σ′2)
2 + (σ′3)
2 + (σ′4)
2 . (3.13)
Now the σ′a take the form:
σ′1 = cos(Nψ + bψ
′) dθ + sin(Nψ + bψ′) sin θ dφ,
σ′2 = − sin(Nψ + bψ′) dθ + cos(Nψ + bψ′) sin θ dφ,
σ′3 = Ndψ + bdψ
′ + cos θ dφ,
σ′4 = N
′dψ + d(dψ′) . (3.14)
In this way, the SL(2,Z) that acts on the charge lattice extends to the metric on S3×S1.
We now turn to configurations where the local geometry breaks to the minimal two
supercharges in d = 3, i.e. should be given by a spin(7) instead of a G2 manifold.
Case (iii): N,N ′ 6= 0 ↔ 1/4 supersymmetry
In the following we will discuss a torus fibration T2 −→ Σ4 −→ P1 which preserves 1/4
instead of 1/2 supersymmetry, which will actually be justified by referring to its dual
brane realization later on. We require that the fibration is such that via a SL(2,Z)
transformation one cannot transform back to the situation where one cycle of the torus
is trivially fibred over S2. In this way the NSNS and RR gauge fields are non-trivially
intertwined. We will geometrically realize this situation by demanding the fibration is
degenerate over some points of the S2, where one or both cycles of the torus shrink to
zero size. There is no SL(2,Z) transformation which maps this flux configuration back
to any single 2-form flux vector (N 0)T , such that the topology of the four-dimensional
space Σ4 does no longer factorizes through Σ3 × S1. In terms of its linear action on
the coordinates of the T23,11, this can be rephrased in the statement that the SL(2,Z)
equivalence breaks down as soon as cycles degenerate. In a similar situation, the related
absence of a symplectic basis in an effective N = 2 field theory in d = 4 was recognized
as a prerequesite for a partial breaking of supersymmetry via fluxes on Calabi-Yau spaces
in type IIA [6].
As a specific example of a torus fibration with degenerate fibres let us discuss the space
CP 2. Later, we will come to the point that CP 2 appears in an eight-dimensional spin(7)
manifold based on the SU(3)/U(1) coset. So let us briefly recall the toric construction
of CP 2 [60]. As it is well known, CP 2 can be represented as(
C3\{0}) /C⋆ = S5/U(1) . (3.15)
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The fibre torus is defined by the U(1)2 action, which is given by the U(1)3 action on the
three complex coordinates zi, modulo the action of the diagonal U(1). The basis of the
U(1)2 action can be chosen as
(z1, z2, z3)→ (z1 exp(iψ), z2 exp(iψ′), z3) . (3.16)
The action of the two respective U(1)’s has as fixed loci two P1’s parametrized by z2/z3
and z1/z3 respectively. This means that we can view CP
2 as a T2 fibration with generic
T2 fibres with coordinates (ψ, ψ′) and with base parametrized by r1 = |z1/z3| and r2 =
|z2/z3|. This base has the form of a triangle, where the T2 fibration degenerates at the
three edges of this triangle. More specifically, over one edge the a homology cycle of T2
is shrinking to zero size, at the second edge the b cycle degenerate, at the third edge the
a+ b cycle is zero, and at the three vertices the whole torus degenerates.
Clearly, the description of CP 2 as T2 fibration over the triangle is not quite adapted to
what we have in mind: The base triangle is a manifold with boundary and as such not
suitable to lead to an integrated flux and the corresponding element of the second coho-
mology; among other things the independence of the flux value of the (to be integrated
over) cycle in its homology class assumes the cycle boundaryless (the difference of two
representatives rather should be the boundary of another cycle so that the relevant field
strength vanishes after integration over that difference); clearly, in case the representa-
tives have boundaries themselves, the boundary of the potential ’connecting’ cycle (of
one dimension higher) will consist of further pieces.
So instead of CP 2 we will rather describe a T2 fibration over an S2. For this note that with
zk = rke
iφk the S5 in CP 2 = S5/U(1)D has the description
∑3
k=1 r
2
ke
2iφk = 1. Clearly this
restricts the zk to their respective disks |zk| ≤ 1. Here rk runs over [0, 1] (with φk ∈ [0, 2π]
where the endpoints are identified). Now let run φk instead rather only over [0, π] with
the endpoints identified and rk over [−1,+1] (so that positive/negative rk covers the
upper/lower half-disk). That is, we operate with the factor group U˜(1)k := U(1)k/Z2
with Z2 = {±1}. Now we will factor the projection S5 → CP 2 = S5/U(1)D through
π : S5 → C˜P 2 = S5/U˜(1)D where C˜P 2 → CP 2 is a Z2 cover. Then the other projection
S5 → S2, with the S2 given by ∑3k=1 r2k = 1, which factors out ∏3k=1 U˜(1)k, will factor
over π, i.e. one has a T2 =
∏3
k=1 U˜(1)k/U˜(1)D fibration of C˜P
2 over the mentioned
S2. As a check note that the fibre gives a non-trivial contribution (of +1) to the Euler
number of C˜P 2 only if it does not contain any S1 any longer (‘complete degeneration’);
this occurs over the six points rk = ±1 (and the other two ri’s zero) for k = 1, 2, 3 leading
to e(C˜P 2) = 6 as it should be for this two-fold cover of CP 2.
This structure as a degenerate fibration of CP 2 is also evident in the Fubini-Study metric.
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The corresponding Ka¨hler potential is
K = log(|z1|2 + |z2|2 + |z3|2) (3.17)
and from the associated (1,1) form ω = i∂∂¯K one gets the metric in the patch z3 = 1
(with z := z1, w := z2; note that wdz − zdw = w2d(z/w))
ds2FS =
1
(1 + zz¯ + ww¯)2
(
dzdz¯ + dwdw¯ + (wdz − zdw)(w¯dz¯ − z¯dw¯)
)
. (3.18)
To connect to the description as a degenerate fibration of a T2 over a P1 note first that
(3.17) is invariant under the SU(3) action; the S5 = {K(zi) = 0} is of course the one in
S5 ∼= SU(3)/SU(2) which underlies the isomorphism SU(3)/U(2) ∼= CP 2; the patches in
S5 are the complements of the three sets {zi = 0} ⊂ S5. One can then switch to polar
coordinates in the patch C2z,w ⊂ CP 2. With
z = R cos 4φ exp
(
i
ψ + ψ′
2
)
, w = R sin 4φ exp
(
i
ψ − ψ′
2
)
, (3.19)
which identifies ψ ± ψ′ as the coordinates of the fibre torus and R and φ as those of
the base. In order to find a natural splitting of the metric into fibre and base it is more
convenient to go back to the definition of C˜P 2 above. In the patch z3 6= 0 we can switch
to coordinates[ z√
1 + zz¯ + ww¯
,
w√
1 + zz¯ + ww¯
,
1√
1 + zz¯ + ww¯
]
=
[
p, q,
√
1− |p|2 − |q|2
]
. (3.20)
The fibre torus is then given by the phases of p and q, while the base space is parametrized
by |p| and |q| subject to |p|2+|q|2 ≤ 1 within [0, 1]. Extending their domain to [−1, 1] and
including as well the opposite sign for the square root in (3.20) introduces the transition
from CP 2 to its double covering space, extending the base from a disc to a sphere S2 ⊂ R3.
Evidently, the fibre degenerates at the poles of the S2 where any one of the coordinates p
and q vanishes, or both. Note that this construction of a (degenerate) torus fibration is
no longer elliptic but a purely real object. We can now relate the standard coordinates
θ ∈ [−π/2, π/2] and φ ∈ [0, π
2
] on S2 to p, q and z, w. Defining
cos θ =
√
|p|2 + |q|2, cos 4φ = |p|√|p|2 + |q|2 , (3.21)
the Fubini metric (3.18) on C˜P 2 translates into
ds2FS =
1
4
(
sin2 θ (σ21 + σ
2
2) + sin
2 θ cos2 θ σ23
)
+ dθ2, (3.22)
where the left-invariant SU(2) differentials σi read
σ21 +σ
2
2 = dφ
2+sin2(8φ) (dψ′)2, σ23 = dψ
2+2 cos(8φ) dψdψ′+cos2(8φ) (dψ′)2. (3.23)
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In order to exhibit the torus fibration structure with base coordinates θ, φ and fibre
coordinates ψ, ψ′ a different splitting may also be convenient:
ds2FS = Σ˜
2
1 + Σ˜
2
2 + ν˜
2
1 + ν˜
2
2 , (3.24)
where Σ˜ and ν˜ are identified as
Σ˜ = dθ + i sin θ dφ, ν˜ =
1
2
sin θ sin(8φ) dψ′ +
i
2
sin θ cos θ (dψ + cos(8φ)dψ′) . (3.25)
One can now readily reproduce the limiting cases when one or both of the fibre circles
degenerate: When φ goes to either 0 or π/8, then σ3 −→ dψ±dψ′ while σ21+σ22 −→ dφ2.
Then the metric reduces to
ds2FS(φ = 0,
π
8
) = dθ2 + sin2 θ dφ2 + sin2 θ cos2 θ d (ψ ± ψ′)2 . (3.26)
This is the metric induced by the flat metric on R3, the standard metric on the S2,
times a circle which is fibered over a line segment θ ∈ [−π/2, π/2] and vanishes at the
degeneration points, where z, w = 0 or ∞ simultaneously. This metric, of course, does
no longer describe an S3, just as the given differentials do not satisfy an SU(2) algebra.
The structure of degeneration in the fibre-torus does not allow a trivialization of any S1 via
the SL(2,Z): Within the smooth domain the geometry can be mapped to that of a single
flux vector. But along the lines, where any single S1 degenerates and at the intersection
locus, where the two of the three cycles a, b and a+ b degenerate simultaneously, no such
equivalence exists. Instead, one can map to the ‘standard’ configuration, where just the
circles S13, S
1
11 and a (homological) linear combination of the two degenerate along the
respective lines in the base. This will become evident also in the dual brane picture by
identifying the degeneration locus with a (p, q) web of branes, which cannot be trivialized
at the intersections either.
In fact, the description of the geometry translates into a more precise statement for the
corresponding fluxes in the effective type II theory. Along the smooth domain, where the
torus is non-degenerate, the fibration can be entirely described by RR plus NSNS 2-form
fluxes. However at the singular locus, besides the fluxes also some branes are needed.
Namely the singular loci will be interpreted as the loci of KK monopoles respectively
D6-branes. Thus we are lead to consider that the description of the resolved conifold still
involves branes along circles inside the base P1, in addition to the fluxes present anyway.
For example, the intersection locus L, where both cycles of the torus degenerate, is of
codimension four in X8. In this case we have additional D6-branes, located at L, and with
world volumes along R1,2 × C(4), where R1,2 is the uncompactifies 3-dimensional space
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time, and C(4) is some (non-compact) cycle inside X8. Nevertheless, the configuration
is still of completely geometrical nature in eleven dimensions, as only D6-branes of type
IIA are involved in the brane configuration, which we turn to now.
3.2 The dual brane picture of the 2-form fluxes
We shall now construct the relevant brane configurations in type IIA and IIB, which are
dual to the compactifications with background fluxes discussed above. Again, we proceed
case by case.
Case (i): N ′ = 0 or N = 0 ↔ 1/2 supersymmetry
The dual IIA brane description of the RR 2-form fluxes is given by N D6-branes (being
wrapped around an S3 in the direction 456). Like N units of RR flux, the N wrapped
D6-branes preserve 1/2 of the supersymmetries, when wrapping around a sLag cycle.
The M-theory lift of the D6 branes is indeed purely geometrical, namely they are given
by N coincident Kaluza-Klein (KK) monopoles. These are given in terms of an AN−1
singularity filling the 789(11) spatial directions, where the isometry direction of the KK
monopoles is to be indentified with the M-theory circle S111. For N = 1 the A1 singularity
is just given by the space T ∗P1 [60]; modding out this space by the U(1) circle action
in the eleventh direction, T ∗P1/U(1) describes the 3-dimenensional IIA geometry. The
two degeneration points on this space, where the U(1) fibre has zero size, corresponds
to the locations of the two D6-branes. Analoguously, any NS-flux is then geometrically
described by flipping the two circles and applying the above accordingly.
Case (ii): N,N ′ 6= 0 ↔ 1/2 supersymmetry
The dual brane picture of N units of RR 2-form flux together with N ′ units of NSNS
2-form flux reveals a better understanding for the amount of supersymmetry preserved
by the fluxes: Recall that in type IIA the RR 2-form flux corresponds to N D6-branes
wrapped around an S3, where the D6-brane world volumes are for example in the di-
rections 0123456 (456 are the compact S3 directions). Adding the NSNS 2-form flux
means that the dual brane picture corresponds to a boundstate of N D6-branes together
with N ′ type IIA KK monopoles which extend in the directions 012456, as depicted in
table 1 (the x denote the world volume directions, and the · correspond to the isometry
directions of the KK (KK) monopoles).
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1 2 3 4 5 6 7 8 9
D6 x x x x x x
KK x x · x x x
Table 1. IIA D6-KK bound state configuration
The circle S13 is the isometry direction of the KK monopoles. Going to type IIB via a
T-duality along S13, one obtains a (N,N
′) 5-brane configuration, namely a non-threshold
boundstate of N D5-branes with N ′ NS5-branes [24, 61], with world volumes both in the
directions 012456, which means they are wrapped around the same S3, as given in table
2.
1 2 3 4 5 6 7 8 9
D5 x x x x x
NS5 x x x x x
Table 2. IIB D5-NS5 bound state configuration
This boundstate is analogous to the (N,N ′) string, which is a boundstate of N elemen-
tary strings and N ′ D1-branes. Via SL(2,Z) transformations the (N,N ′) 5-brane can
be related to a 5-brane state with quantum numbers (n, 0). Therefore the non-threshold
(N,N ′) 5-brane preserves 1/2 supersymmetry. Alternatively one can start with a thresh-
old bound state of N D5-branes together with N ′ NS5-branes which are parallel, i.e. they
share the same world volume directions. Then the Killing spinor equations,
NS5 : ǫL = Γ0Γ1 . . .Γ5ǫL, ǫR = −Γ0Γ1 . . .Γ5ǫR ,
D5 : ǫL = Γ0Γ1 . . .Γ5ǫR ,
cannot be satisfied at the same time and no supersymmetry is preserved. However the
condensation to a 1/2 BPS non-threshold boundstate can be thought of as the result
of switching on some gauge field flux on the NS5-brane just as the (1,1) string can be
thought of as the result of switching on electric flux on the D-string.
The M-theory lift of the type IIA situation is described in terms of a configuration of N
KK monopoles with world volumes along 0123456 and isometry in S111 together with N ′
KK′ monopoles along 012456(11) and isometry in S13. This is summarized in table 3.
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1 2 3 4 5 6 7 8 9 11
KK x x x x x x ·
KK′ x x · x x x x
Table 3. M-theory KK-KK′ bound state configuration
There is a very direct way to deduce the same results also directly within type IIA. One
can view the configuration of table 3 as a configuration of D6-branes upon compactifying
along any of the 789 directions, for instance. Another T-duality along 3 or 11 then pro-
duces a D(2p)-D(2p−2) (p = 3) bound state, which where discussed e.g. in [62, 63, 64].6
The open string spectrum contains a bifundamental tachyon that signals the conden-
sation towards the non-threshold bound state. At a certain value for the background
gauge field on the brane, the tachyon becomes massless and the deformation between the
bound state and the superposition of the two branes with this flux is marginal. In any
case, the bound state of a D(2p)-D(2p− 2) brane system is 1/2 BPS, which confirms the
result for the type IIB picture. The endpoint of the tachyon condensation in this simplest
case is given by a supersymmetric 1-cycle of appropriate RR charge, i.e. N D6-branes
along S13 and N
′ D6-branes along S111 will condense into a single stack of n = gcd(N,N
′)
D6-branes along the cycle with homology class (N/n,N ′/n) in terms of the classes of the
two circles. Thus, the condensation of branes in type IIA provides a geometric realization
of the charge lattice in type IIB, which has its origin in the homology lattice of the torus.
By a similar reasoning one can also infer that no such bound state of D(2p)-D0 branes
can give rise to a local geometry of spin(7) holonomy. This would imply a 1/16 BPS
bound state, given by a D8-D0 superposition. Upon T-dualities, this cannot be mapped
to a configuration of D6-branes, but instead to D5-branes, just by counting the number
of duality transformations necessary, 4 along and 1 transverse to the D8-branes. Thus,
this state cannot be exclusively geometric in M-theory.
Case (iii): N,N ′ 6= 0 ↔ 1/4 supersymmetry
Now we are dealing with a (N,N ′) boundstate of two Kaluza-Klein monopoles in M-
theory, which preserves 1/4 of supersymmetries. For convenience let us discuss the 1/4
BPS state in the more familiar, T-dual type IIB picture, where it maps to an (N,N ′) web
6See also the generalization in [65] for bound states with additional fluxes turned on, where relations
to non-commutative geometry were drawn.
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of 5-branes of type IIB [66, 67]. The local singularity is now given by a six-dimensional,
non-compact Calabi-Yau space, which in the most simple case can be described as N(P2)
[60] (say in the directions 36789 and 11) which denotes CP 2 (or according to our previous
discussion perhaps better its 2-fold cover C˜P 2) with the normal bundle on top of it. This
simplest geometry refers to the presence of a (1,0) brane, a (0,1) brane and, for the
sake of conserving charge at the common intersection, a (-1,-1) brane. Each brane taken
separately can be well described in terms of RR or NSNS 2-form fluxes, respectively by
a fibration of the appropriate S1 over the base P1. Also linear combinations of these
fluxes could be reduced to the case of just a single one in the manner described in the
previous section by employing the SL(2,Z). But the non-threshold brane web setting is
not equivalent to any single 2-form flux vector.
This space then replaces Σ4 = C˜P
2 in the dual flux picture. N(CP 2) inherits a T2
fibration from CP 2; the four-dimensional space N(CP 2)/T23,11 is trivial except on the
‘triangle’ where the torus degenerates. In fact, the degeneration locus can be identified
with the configuration of the (N,N ′) web of 5-branes. In type IIA these correspond to
webs of D6-branes which stretch along the 1-cycles of the torus according to the (N,N ′)
charges of the bound state, giving rise to a purely geometric M-theory background.
One can further also consider more general webs of branes, which all give rise to 1/4 BPS
bound states. Using SL(2,Z) transformation any junction of three branes in a web can
be mapped to standard form, consisting of the intersection of a (1,0) brane, a (0,1) brane
plus one of type (N,N ′) which together preserve 1/4 of supersymmetries provided the
angle of the (N,N ′) brane is precisely the one in the toric diagram of the degeneration
locus (for more discussion see [60]). Therefore we expect to find a large class of non-
compact geometries with a metric of spin(7) holonomy by defining degenerate fibrations
over P1 (or its double cover) in terms of the respective brane web. Put another way,
we compactify six-dimensional critical theories with 8 supercharges on the deformed
conifold where the D6-branes wrap an S3 × S1 to get a three-dimensional theory with
2 supercharges. If this works generically, then any such theory should give rise to a
(non-compact) spin(7) manifold. Note the difference of this construction compared to
the spin(7) manifolds in [34, 50, 58], which are constructed by wrapping D6-branes over
supersymmetric four-cycles inside a G2 manifold.
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4 M-theory on the G2 and spin(7) manifolds
In this chapter we add some further observations on the geometry of the M-theory back-
grounds whose origin was described in the previous one.
4.1 The 1/2 BPS flux and M-theory on a G2 manifold
In this chapter we will embed the 1/2 supersymmetric 2-form fluxes (cases (i) and (ii)
in the previous section) through an S2 into a six-dimensional, non-compact Calabi-Yau
geometry. Since the background geometry preserves 1/4 of supersymmetry, the total
number of supercharges is 4. Therefore the M-theory lift has to be described by a seven-
dimensional space of G2 holonomy. We will consider as specific example the model of
[18, 32], namely the non-compact Calabi-Yau space X6 is given by the resolved conifold
O(−1) ⊕ O(−1) −→ P1. This is dual to the situation where the flux is replaced by
D6-branes being wrapped over the S3 of the deformed conifold T ∗S3.
First consider the simplest situation of having N units of RR 2-form flux through the S2
at finite radius (case (i) before). This flux induces a superpotential in four dimensions
of the form
W = N Π , N =
∫
S2
H
(2)
R , Π =
∫
C(4)
(J ∧ J) (4.1)
where the integral which defines Π goes over the non-compact 4-cycle C(4) = R×S˜3, being
dual to the S2. The M-theory lift is provided by replacing the six-dimensional conifold
geometry by a seven-dimensional non-compact G2 manifold X7. It is given by the spin
bundle over S3 with topology of R4 × S3. Asymptotically this G2 manifold has the form
of a cone whose base is topologically S˜3 × S3, represented as
(|z1|2 + |z2|2)− (|z˜1|2 + |z˜2|2) = V > 0 . (4.2)
Here the complex coordinates z˜1, z˜2 parametrize S˜
3 × R+, whereas z1, z2 provide the
coordinates of S3.
To get N units of RR 2-form flux the eleventh circle S111 is embedded into S
3. The discrete
group ZN ⊂ U(1) has a non-singular action on S3, since the volume of this sphere is
nowhere vanishing. The corresponding S111 fibration is the quotient of the Hopf fibration
by ZN , namely the space Σ3 of the previous chapter. It defines X7 as being the spin
bundle over Σ3 which is at the same time a S
1
11 fibration but now over a six-dimensional
base B6:
R4 −→ X7 −→ Σ3 , S111 −→ X7 −→ B6 . (4.3)
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The metric of this non-compact G2 manifold is known [32, 42, 45] and takes the following
form (for the case N = 1):
X7 : ds
2 = dr2 + a(r)2
3∑
a=1
(σ˜a)
2 + b(r)2
2∑
a=1
(σa − 1
2
σ˜a)
2 + c(r)2(σ3 − 1
2
σ˜3)
2 . (4.4)
Here σa and σ˜a are the left-invariant 1-forms of the two three-spheres S
3 and S˜3; a(r), b(r)
and c(r) are r-depedent functions whose forms are dictated by the requirement of having
G2 holonomy. Asymptotically, for r → ∞, these functions behave like a(r), b(r) → r
and c(r)→ constant. This asymptotic behaviour of c(r) ensures that one has a constant
U(1) fibre at infinity, which corresponds to the differential σ3 [42, 45]. One can reduce
the theory along the circle S111, corresponding to setting c(r) = 0. Then one obtains the
metric of the small resolution of the conifold, O(−1)⊕O(−1) −→ P1, with a non-trivial
RR 1-form potential A11µ in addition, which corresponds to N units of RR two form flux
on S2.
As explained already in the dual type IIA brane picture one considers N D6-branes
wrapped around the S3 of the deformed conifold geometry, which are lifted in M-theory
to N KK monopoles given in terms of an AN−1 singularity transversal to the S3. In
the G2 example this is achieved by constructing an R
3 bundle over the four-dimensional
AN−1 singularity, which means that one is considering instead the singular quotient of
S˜3 by ZN . Then it is clear that the two cases, the wrapped brane picture and the flux
picture, are related by the exchange of the singular quotient by the non-singular one.
Geometrically this can be realized by performing the exchange V → −V in eq.(4.2),
which is just the flop transition in the G2 geometry.
Let us now briefly switch to case (ii) where we have N units of RR 2-form flux plux N ′
units of NSNS 2-form flux through the same S2 of the resolved conifold, where the fluxes
preserve still 1/2 supersymmetry. So we now add the circle S13 in the third direction, such
that we consider M-theory on an eight-dimensional space X8. This space is now a spin
bundle over Σ4. Due to the four conserved supercharges, the topology of X8 must be
given by X7×S13, where, as before, X7 has G2 holonomy. The metric of this space can be
obtained from the G2 metric eq.(4.4) by a simple SL(2,Z) transformation, as described
for the space Σ4 (see eq.(3.13)). Namely we add just the new coordinate ψ
′, and then
we obtain a SL(2,Z) family of eight-dimensional metrics, labelled by the two integers
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N,N ′, of the following form7
X8 : ds
2 = dr2+a(r)2
3∑
a=1
(σ˜a)
2+b(r)2
2∑
a=1
(σ′a−
1
2
σ˜a)
2+c(r)2(σ′3−
1
2
σ˜3)
2+c′(r)2(σ′4)
2 .
(4.5)
where the σ′a are given by eq.(3.14). The functions a(r), b(r), c(r), c
′(r) for large r again
have the asymtotics a(r), b(r) → r, c(r), c′(r) → constant, which exhibits the last two
terms in (4.5) as the finite T2 fibre at infinity.
M-theory on this background space X8 leads to a three-dimensional field theory with four
supercharges (N = 2 supersymmetry). Following the analogous derivation of the N = 1
superpotential in four dimension, the corresponding superpotential in three dimensions
is given by the following expression:
W = (R11N + iR3N
′) Π = R11(N + τN
′) Π . (4.6)
This superpotential is fully covariant under the S-duality transformations
τ → aτ + b
cτ + d
,
(
N
N ′
)
→
(
a b
c d
)(
N
N ′
)
. (4.7)
Via SL(2,Z) transformation it can be brought back into the form eq.(4.1), which means
that in this case the three-dimensional superpotential can be obtained from the four-
dimensional one by simple dimensional reduction on a circle.
4.2 The 1/4 BPS flux and M-theory on a spin(7) manifold
Now we discuss the M-theory compactification on an eight-dimensional (non-compact)
space X8, which corresponds to the 1/4 BPS situation. The holonomy is easily classified
in terms of the number of conserved supercharges, which we have employed already at
various instances. ForN = N ′ = 0, X8 is simply the direct productX6×T2, where X6 is a
six-dimensional Calabi-Yau space with SU(3) holonomy, corresponding to eight unbroken
supercharges. In the case of N 6= 0, N ′ = 0, or vice versa, the flux breaks half of the
supersymmetry, so together with the Calabi-Yau background 1/8 of SUSY is preserved.
Then X8 is the direct product of an G2 manifold X7 times an S
1: X8 = X7×S1. Finally,
for the 1/4 supersymmetric fluxes only 1/16 supersymmetries are preserved. Therefore
the holonomy H of X8 has to be given by spin(7). Now the torus T
2
3,11 = S
1
11 × S13 is
7It is conceivable that the choice of the two integers N,N ′, which form an SL(2,Z) doublet, is related
to the framing ambiguity discussed in [39, 40]; we like to thank Sergei Gukov for discussions on this
point.
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non-trivially fibred over a six-dimensional base and circles degenerate on codimension
one loci in the manner described above. H must actually contain SU(3) as well as G2 as
subgroups, according to the subsectors with enhanced supersymmetry:
SU(3) −→ G2 −→ spin(7) . (4.8)
Let us now try to characterize the non-compact spin(7) manifold which arises putting
the RR plus the NSNS 2-form flux through the S2 of the resolved conifold geometry.
In analogy to the G2 manifold considered before X8 is a fibre bundle now over the
four-dimensional space Σ4, which is itself a torus fibration with degenerate fibres. As
discussed, a particular example of this kind is given by Σ4 = C˜P
2. Roughly spoken, X8
can be constructed by fibering another circle over the seven-dimensional G2 manifold.
More precisely, X8 can be viewed as a S
1
3 fibrations over a seven-dimensional base space
B7 which is the non-Ricci flat relative of the G2 manifold X7 considered before:
R4 −→ X8 −→ Σ4(C˜P 2) or S13 −→ X8 −→ B7 . (4.9)
We can also represent X8 as a torus fibration over B6:
T23,11 −→ X8 −→ B6 , (4.10)
where the torus fibration is however not smooth.
The relation between the fibration structures of the G2 manifold X7 and the spin(7)
manifolds X8 can be nicely summarized by the following diagrams:
R4 R4
↓ ↓
S111 −→ X7 −→ B6
↓ ↓
S111 −→ Σ3 −→ P1
R4 R4
↓ ↓
S13 −→ X8 −→ B7
↓ ↓
S13 −→ Σ4 −→ Σ3
Now let us come to the construction of the metric of the spin(7) manifold X8. Recall
that we propose a flux/brane setting, where the Σ4 is not yet present in the G2 manifold
but is only build up by fibering the S111 respectively S
1
3 over the P
1 in the parent G2 space
R4 × S3. In the simplest case, we would expect an asymptotic metric of the form
ds2 −→ dr2 + r2(σ21 + σ22 + σ23)︸ ︷︷ ︸
R4
+ r2(Σ˜21 + Σ˜
2
2)︸ ︷︷ ︸
Base P1
+ (ν˜21 + ν˜
2
2)︸ ︷︷ ︸
Fibre T2
, (4.11)
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with a finite radius for the fibre torus at infinity. Depending on how one takes the limit
r →∞, i.e. at which point in the base, one obtains a different copy of the fibre torus at
infinity, with a different circle staying finite. This respective circle than takes over the
role of the type IIA coupling constant in the appropriate ten-dimensional vacuum. On
the other hand, at small radius r → 0, at least after some proper shifting of r, the metric
should collapse to the singular orbit Σ4:
ds2 −→ dr2 + const
(
Σ˜21 + Σ˜
2
2 + ν˜
2
1 + ν˜
2
2
)
. (4.12)
Let us now consider more closely the case, where Σ4 = C˜P
2. As it is well known, one
can construct metrics on an R4 bundle over CP 2 which indeed possess spin(7) holonomy.
The most general form of such metrics considered so far is [48, 49, 50]:
ds2 = dr2 + f 2(r)λ2 + a2(r)(µ21 + µ
2
2) + b
2(r)(Σ21 + Σ
2
2) + c
2(r)(ν21 + ν
2
2) . (4.13)
The νi and Σi are the differentials on CP
2 while dr, λ and µi parametrize the R
4. The
formalism is based on a coset construction of the manifold, and thus the forms νi, Σi, µi
and λ together with one more Cartan generator satisfy the algebra of SU(3), the latter
one being removed in the coset SU(3)/U(1). The important feature of this cohomogeneity
one ansatz is the fact that the coefficient functions only depend on a radial coordinate r
and not on the angular coordinates. Only a very few explicit solutions are in fact known.
The asymptotic behaviour for r →∞ of the “squashed solution” is similar to that known
for Taub-NUT spaces, where one circle stays at finite radius,
ds2 −→ dr2 + 9ρ
2
4
λ2 + r2
(
µ21 + µ
2
2 + Σ
2
1 + Σ
2
2 + ν
2
1 + ν
2
2
)
(4.14)
with some constant ρ. Here, the U(1) direction that corresponds to the eleventh direction
is identified with the SU(3)/U(1) Cartan generator λ. This is interpreted to describe the
presence of a IIA D6-brane wrapped on the supersymmetric 4-cycle of the G2 manifold
Λ−CP 2 which is topologically CP 2×R3. In other words, in M-theory the KK-monopole
wraps on the CP 2 and the eleventh circle, given by λ, being fibered non-trivially, but
still approaches constant radius at infinity and thus supports a type IIA string vacuum
with a finite coupling constant.
This configuration is indeed not quite what we have in mind. In order to realize the
asymptotic behaviour (4.11) in terms of the splitting of base and fibre in the metric of
CP 2 (see eq.(3.24)), one is now tempted to identify
ds2FS = Σ
2
1 + Σ
2
2 + ν
2
1 + ν
2
2 = Σ˜
2
1 + Σ˜
2
2 + ν˜
2
1 + ν˜
2
2 . (4.15)
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The choice of the Vielbein components Σ˜ and ν˜ is of course not unique. However analyzing
the differential system in [50] which ensures spin(7) holonmy, one can show that the
function c(r) in eq.(4.13) can never approach a constant for r → ∞. Also one needs to
take care that the differentials Σ˜i and ν˜i can never satisfy the algebra of SU(3) together
with the generators µ1 and µ2, as do Σi and νi. When the metric on the base does not
depend on the coordinates of the fibre at large radius r, this signals a breaking of the
SU(3) invariance of the metric asymptotically. Thus, the spin(7) manifold we propose
to exist on physical grounds does seem to fit easily into the known classes of examples,
constructed from the coset formalism.
As we will discuss in the appendix, one finds that the asymptotic restrictions cannot
be solved within the cohomogeneity one ansatz, if one tries to stick to the differentials
(3.25). Hence, the expectation (4.11) may even be too simple and one should allow
for completely independent coefficients for the differentials on S111 and S
1
3 in the metric,
which then may depend on r as well as on the coordinates of the base space. For further
explanations the reader is referred to the appendix.
In any case, the Fubini Study metric on C˜P 2 allows a split into base P1 and a fibre
T2, and a solution with asymptotics of the type described by (4.11) would presumably
reproduce the M-theory dynamics of the type II vacua with respective fluxes or branes
considered earlier. The explicit metric still remains to be found, its existence, in the
absence of any mathematical existence proof, being inferred only on physical grounds.
5 Some remarks on higher n-form fluxes
In this section Vafa likes to add some remarks on the possible explanation of higher
NS-fluxes, such as NSNS 4-flux and NSNS 6-flux.
5.1 4-form flux
As already discussed in the introduction, in the mirror type IIB picture the four-
dimensional superpotential due to 3-fluxes has the form
W = N Π+ α t , (5.1)
where the gauge coupling constant α =
∫
C(3)
τH
(3)
NS is the NSNS 3-form flux over the
non-compact cycle C(3), and the gaugino condensate t = TrW 2 = ∫
S3
Ω is the modulus
of the dual 3-sphere S3. Now in type IIA the origin of the gaugino condensate term in
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the superpotential is somehow mysterious, and in fact it was argued in [18] that it is
related to the NSNS 4-form flux. Namely turning on the RR 2-form flux implies that X6
is actually not anymore a Calabi-Yau space but replaced by the six-dimensional base B6
of the G2 manifold. However the holomorphic three-form Ω of X6 is no longer closed on
B6, Ω is not anymore annihilated by the operator ∂¯. Instead of ∂¯ Vafa [18] introduces a
new operator D¯ = ∂¯ + A∂, where A is an anti-holomorphic 1-form taking values in the
tangent bundle, A ∈ Λ(0,1)(X, TX). Squaring this operator leads to an antiholomorphic
2-form taking values in the tangent bundle as well, given as
F = ∂¯A+ [A,A] , F = fi¯j¯ dz¯i ∧ dz¯j ⊗ dzk ∈ Λ(0,2)(X, TX) . (5.2)
Finally, multiplying F with the holomorphic (3,0)-form Ω one obtains a (2,2)-form, which
we like to identify with Im τH
(4)
NS:
Im τH
(4)
NS = fi¯j¯ dz¯i ∧ dz¯j ⊗ dzk Ωijk dzi ∧ dzj ∧ dzk ∈ Λ(2,2)(X) . (5.3)
This (2,2)-form can be used to define the imaginary part of α. Going to M-theory it can
be then further argued [18, 19] that the NSNS 4-form flux α corresponds after appropriate
regularization to the holomorphic volume of the 3-cycle S˜3, i.e.
α =
∫
S˜3
(C(3) + iΩ) = θ + i
ρ
gs
, (5.4)
where C(3) is the M-theory 3-form potential.
The conclusion of this argument is that the RR 2-form flux is necessarily turned on
together with NSNS 4-form flux, which actually arises as a violation of ∂¯Ω = 0. This
can be also seen in the effective superpotential eq.(5.1). Here the conditions for finding
supersymmetric groundstates, W = dW = 0, turn into the following relation [18]:
(et − 1)N = a exp(−α) . (5.5)
So one sees that unbroken supersymmetry intimately ties together the RR 2-form flux
with the NSNS 4-form flux.
In the following let us try to give to the real part θ in eq.(5.4) a 4-flux interpretation. Since
the RR 4-form field strength H
(4)
R is present in type IIA, we can immediately integrate it
over the non-compact four-cycle C(4) = R+ × S˜3 of the deformed conifold, which is dual
to the S2 considered before. In M-theory, this originates just from the standard G-flux,
i.e. it is given by the intergral of the eleven-dimensional field strength G(4) = dC(3),
integrated over the same C(4) inside X7. This integration does not involve the eleventh
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circle S111, and we can obtain the following Ramond contribution to the(four-dimensional)
superpotential eq.(2.11):
Re W =
∫
R+×S˜3
G(4)
∫
S2
J = t
∫
S˜3
C(3) = θ t , t =
∫
S2
J . (5.6)
This indeed agrees with eq.(5.4).
5.2 6-form flux
In this section we want to briefly discuss a contribution to the three-dimensional super-
potential of the form
W =
∫
X6
H
(6)
R + i
∫
X6
H
(6)
NS = N
R
0 +
i
gs
NNS0 . (5.7)
The RR part of this superpotential simply follows from the integration of the 6-form field
strength H
(6)
R which is present in the type IIA spectrum. One can lift this to M-theory by
considering the 7-form field strength H(7), dual to the field strength G4 = dC3, where C3
is the 3-form potential of M-theory. Specifically, we assume in this section that M-theory
is compactified on X6 × S111 × S13, where X6 is Calabi-Yau, which means that we assume
for simplicity that there are no other fluxes turned on. Then the RR 6-form flux is given
in terms of the integral of H(7), where six of the indices of H(7) are on X6 and the last
index is on S111: ∫
X6
H
(6)
R =
∫
X6×S
1
11
H(7) = R11N
R
0 . (5.8)
On the other hand, the NSNS 6-form flux is obtained by replacing S111 by S
1
3, namely by
integrating H(7) with six indices on X6 and one index on S
1
3:
i
∫
X6
H
(6)
NS = i
∫
X6×S
1
3
H(7) = iR3N
NS
0 . (5.9)
We see that the sum of the superpotentials eqs.(5.8) and (5.9) agrees with eq.(5.7) upon
rescaling with 1/R11.
6 Summary
Let us summarize the different cases of flux backgrounds we have considered in this
paper. N units of RR 2-form flux (together with a NSNS 4-form flux) on the conifold
preserve four supercharges and leads to four-dimensional N = 1 U(N) gauge theory with
a flux induced superpotential. By reducing further to three dimensions, the type IIB
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SL(2,Z) duality can be made manifest by a doublet of fluxes (N N ′), which corresponds
to N units of Ramond 2-form flux together with N ′ units of NSNS 2-form flux. For 1/2
supersymmetric fluxes this situation is described in M-theory by a SL(2,Z) family of
(eight-dimensional) metrics of G2 holonomy of spaces of topology X7 × S1. This setting
has a dual brane description in terms of 1/2 BPS bound states of N D6-branes plus N ′
Kalazu-Klein monopoles wrapped on sLag cycles within the Calabi-Yau 3-fold. Space-
time supersymmetry will be further reduced by half, if one simultaneously turns on RR
as well as NSNS 2-form flux on the conifold times a torus in a particular and singular
fashion, that is related to a dual 1/4 BPS brane web state. This configuration leads to
a field theory with minimal N = 1 supersymmetry in three dimensions so that these
fluxes realize partial supersymmetry breaking from N = 4 to N = 1 supersymmetry.
Geometrically, they are described by M-theory on a spin(7) manifold.8 It would be
interesting to explore further the geometric understanding of non-perturbative effects
in the corresponding N = 1 supersymmetric field theories [68, 69]. Following [73] one
could try to relate these N = 1 supersymmetric theories in three dimensions to non-
supersymmetric theories in four-dimensions with vanishing cosmological constant.
A Spin(7) metric ansatz
In this appendix we employ the formalism which has been used for the construction
of all the known explicit metrics with spin(7) holonomy. First recall that there are
three different non-compact G2 manifolds X7, each given as a cone on some compact
six-dimensional space Y6 [45]:
(A) : Y6 = CP
3, (B) : Y6 = SU(3)/(U(1)× U(1)), (C) : Y6 = S3 × S3 . (A.1)
Asymptotically for large r the metric takes the general form
ds2 = dr2 + r2dΩ26 , (A.2)
where dΩ26 is the metric on Y6. Topologically spaces (A) and (B) are some R
3 bundle
over S4 respectively CP 2, whereas space (C) is a R4 bundle over S3. All three spaces
possess a U(1) fibration
S1 −→ X7 −→ B6 , (A.3)
8Other geometric realizations of three-dimensional field theories with N = 1 supersymmetry are
provided by the heterotic string on a G2 manifold or by S-theory on U-manifolds (certain T
3×T2 fibred
Calabi-Yau five-folds [70, 71, 72]).
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which means that one can squash the metrics in such a way that the remainder of the
sqashed metric asymptotically is a cone over a reduced five-dimensional space Z5:
ds2 = dr2 + ρλ2 + r2dΩ25 . (A.4)
Here ρ is a constant, λ is the Vielbein corresponding to the U(1) fibre, with finite radius
at infinity, and dΩ25 is the metric of Z5. For example, for case (C), Z5 = T
1,1 = (SU(2)×
SU(2))/U(1)D, the base of the cone of the conifold.
Roughly speaking, we would now like fibre another U(1) over each of the three G2 man-
ifolds X7 (A) – (C). The resulting spaces are given by non-compact spin(7) manifolds
X8, which are themselves asymptotically cones over a seven-dimensional space Y7. Cases
(A) and (B) were discussed e.g. in [48, 49, 50]:
(A) : Y7 = SO(5)/SO(3), (B) : Y7 = SU(3)/U(1) . (A.5)
The spaces (A) and (B) are R4 bundles over S4 or CP 2, respectively. Again one can
squash the corresponding metrics in order to exhibit the U(1) fibration structure, and
then the remainder of the squashed metrics is a cone over a six-dimensional space Z6.
For case (A), this space is given Z6 = CP
3. In terms of branes, this U(1) fibration can
be understood by wrapping D6-branes around the co-associative S4 cycle in the parent
G2 manifold (A). For case (B) with metric eq.(4.13), being described in the main part of
the text, Z6 = SU(3)/(U(1)× U(1)), which corresponds to wrapping D6-branes around
the CP 2 inside the corresponding G2 manifold (B).
The manifold we are after has been characterized above as arising from the degenerate
fibration of a torus over an S2 and at the same time allowing two limiting cases where it
appears as adding a circle fibre to a G2 manifold, which itself is defined by a quotient of a
Hopf fibration. Thus, we are mainly interested in the construction of a spin(7) manifold
(C) which is the close relative of the corresponding G2 manifold (C). Replacing S
3 by Σ4,
the spin(7) manifold should be a R4 bundle over Σ4. Asymptotically this corresponds to
a cone on S3×Σ4. Upon ‘dividing’ by the T2 fibre S111×S13 the remaining metric is again
a cone on T 1,1. Let us now assume that Σ4 = CP
2 = SU(3)/(SU(2)×U(1)) (respectively
Σ4 = C˜P
2). In order to construct the metric of this space (C), it would be quite natural
to start with an ansatz which uses the SU(2) differential σa and the differentials Σ˜i, ν˜i
of the coset SU(3)/(SU(2)× U(1)):
ds2 = dr2 + a2(r)(σ21 + σ
2
2 + σ
2
3) (A.6)
+b2(r)
(
(Σ˜1 − γ
2
σ1)
2 + (Σ˜2 − γ
2
σ2)
2
)
+ c2(r)
(
(ν˜1 − β
2
σ3)
2 + (ν˜2 − β
2
σ3)
2
)
.
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We take β and γ as two free real parameters to play with. This also would potentially
reflect the asymptotic behaviour in eq.(4.11). However the difficulty with this ansatz is
that the Vielbeins of CP 2 do not build a closed algebra. This can be immediately seen
from the Maurer-Cartan equation of SU(3),
dea = −1
2
fabi e
b ∧ ei − 1
2
fabc e
b ∧ ec , (A.7)
where the algebra of the coset generators ea also involves the generators ei of the SU(2)×
U(1) isotropy group. It follows that the construction of the corresponding metric would go
beyond the cohomogeneity one ansatz, and is therefore very difficult to handle explicitly.
As an alternative, one may consider an SU(3) invariant ansatz, where the manifold arises
from the coset SU(3)/U(1). This would not quite be the structure we expect to emerge,
because it does not display the pattern of the two G2 manifolds reached by taking certain
limits in an obvious way, i.e. going to certain points in the base of CP 2. But, on the
other hand, this manifold explicitly involves a CP 2. For instance, one may want to use
an ansatz (in the notation of [50], where λ, µ1, µ2, ν1, ν2,Σ1 and Σ2 are coordinates on
the coset)
ds2 = dr2 + f 2(r)λ2 + a2(r)(σ21 + σ
2
2) (A.8)
+b2(r)
(
(Σ1 − γ
2
σ1)
2 + (Σ2 − γ
2
σ2)
2
)
+ c2(r)
(
(ν1 − β
2
λ)2 + (ν2 − β
2
λ)2
)
.
But it turns out that this does not respect the U(1) symmetry, thus is not defined properly
on SU(3)/U(1).9
So in conclusion, we should better stick to the coordinates which realize the splitting in
the metric into base and fibre within CP 2, as in (3.22). But then, as mentioned already,
the differentials Σ˜ and ν˜ do not satisfy algebraic relations anymore. Therefore, such
an ansatz, which is what we would really like to carry through, is beyond the scope of
present techniques, unfortunately.
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